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We propose entanglement measures with asymptotic weak- 
monotonicity. We show that a normalized form of entangle- 
ment measures with the asymptotic weak-monotonicity are 
lower (upper) bound for the entanglement of cost (distilla- 
tion) . 
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It is quantum entanglement that led to the contro- 
versy over Einstein-Podolsky-Rosen experiment and 
the non-local nature of quantum mechanics |^ . 

The entanglement is the key ingredient in quantum 
information processing. The speedup in quantum com- 
putation 1^ is obtained through the parallel quantum 
operations on massively superposed states which are in 
general entangled. In particular, in quantum communi- 
cations such as the quantum teleportation the entan- 
glement is valuable resource that should not be wasted, 
since entanglements can only be obtained by (costly) 
non-local operations. For better understanding and ma- 
nipulation of entangled states, we need to classify them 
as well as possible. Quantification of the entanglement- 
degree namely the measure of entanglement is, thus, the 
central issue in quantum information theory [^j-Q. 

A pair of important measures of entanglement, that is, 
the entanglement of cost Ec and entanglement of distilla- 
tion Eo were introduced in a pioneering work by Bennett 
et al. . Recently the relation between the entanglement 
of cost Ec and the entanglement of formation i?/ P| has 
been clarified jl^. That is, Ec{p) = lim„^oo Ef{p^)/n. 
(Here p denotes a mixed state.) The pair of measures of 
entanglement have been shown to be the limits for other 
entanglement measures satisfying certain conditions [^,^ . 
In other words, any entanglement measure satisfing the 
conditions is the lower (upper) bound of the entangle- 
ment of cost Ec (entanglement of distillation Eo). One 
of the conditions for the entanglement measures is mono- 
tonicity that entanglement measures cannot be in- 
creased by any local quantum operations with classical 
communications (LOCCs). 

On the other hand, it has been shown that there is 
irreversibility in the asymptotic manipulations of entan- 
glement [HI. That is, Ed{p) < Ec{p) for a class of 
states p for which Ed{p) — 0. However, due to possible 
non-additivity it is still formidable task to calculate even 
bounds for the Ec and Ejj except for a few cases [pl|-p^. 
Thus it is not yet clear whether Ec{p) is strictly greater 
than E]j{p) in general. 



In this paper, we consider a relaxed and thus concep- 
tually simple monotonicity requirement, namely asymp- 
totic weak-monotonicity. We show that certain re- 
parameterized entanglement measures satisfying the re- 
laxed monotonicity are the lower (upper) bound for the 
entanglement of cost Ec (entanglement of distillation 
E]j). These bounds are different from those in Ref. 
It is notoriously difficult to calculate the asymptotic mea- 
sures of entanglement Ec, Ejj, or even bounds to them 
as noted above. Thus it is worthwhile for us to give clues 
for the bounds to the asymptotic measures of entangle- 
ment, namely the entanglement measures with asymp- 
totic weak-monotonicity. 

Now let us review basic conditions for the entangle- 
ment measures (a) Non- negativity: E{p) > 0. (b) 
Vanishing on separable states: E{p) = if p is separable. 
In addition to these, we require monotonicity conditions 
p6[ . Let LOCCs transform an initial state PmiUai into a 
final state p final ■ The weak-monotonicity is that the en- 
tanglement degree does not increase with LOCCs. (c.l) 
The weak-monotonicity [|7|j|]: E{pinitiai) > E {p final) ■ 
Let us consider the case where LOCCs transforms an ini- 
tial state pinitiai into an ensemble {Pj, p'finai}- Here j 
is positive integer and pj is the probability that p''f^j^g^i 
will outcome. The strong-monotoncity says that the 
expectation value of the entanglement degree does not 
increase with LOCCs. (c.2) The strong monotonicity: 

E{pinitiai) > Z]jP^-S(P/mai)- Let US iutroducc the 
asymptotic weak-monotonicity. Consider the asymptotic 
transformation. Let us consider transformation of an ini- 
tial state pfnitiai ^ ^'i^sX state p^^iai- ("'^ positive 
integers.) Here it does not matter whether the initial 
state is transformed to different state during the inter- 
mediate processings. Finally, however, the state is re- 
duced to identical copies of a single state, p^^^ai- 
say that a state piniuai can asymtotically be transformed 
to a state p final, if we can achieve a transformation 



Pf'hiai least apporoximately by LOCCs with 
< rif. More precise definition is the fol- 



^initial 

a condition rii 
lowing. 

Definition 1: We say that a state piniUai can asymp- 
totically be transformed to a state p final 

with LOCCs, if 

the foUowings are satisfied. For any e, 77, and (5 > 0, there 
exist an M such that for any rii > M we can transform 
a state pfniuai ^^^^ LOCCs to a state ^, with the fidelity 
^{^1 P^i^nai ^ 1 " £ and with the success probabihty 
P > 1 — 77. Here Ui < Uf and the F{p, p') — iv^J ^p' ^ 
is the Uhlmann fidelity [f8|jl9|. □ 
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Asymptotic weak-monotonicity condition (c.3) 

If an initial state piniuai can be asymptotically trans- 
formed to a final state p final by LOCCs, then 

E{piniUal) > E{pfinal)- ^ 

In the asymptotic weak-monotonicity (c.3), exact 
transformation is not required: Even though we cannot 
exactly transform an initial state to a desired final state, 
we require that E{p^niUai) > E{pfi„ai) as long as we can 
asymptotically achieve the transformation. 

Let us disscuss on the difference between the en- 
tanglement measure with asymptotic weak-monotonicity 
and that of strong- monotonicity ||^. Consider the case 
where entanglement measures with strong-monotonicity 
are transformed by a monotonic function m. That is, 
consider a re-parameterized function E'{p) — m{E{p)). 
Here we assume that the re-parameterized entanglement 
measure E'{p) satisfy the two obvious conditions (a) and 
(b) . The re-parameterized function E' {p) is no longer the 
entanglement measure with strong-monotonicity in gen- 
eral: the entanglement measure involves with processes 
where the number of distinguishable states varies. For ex- 
ample, measurements can transform an initial state into 
different states. In mixing processes, different states are 
transformed to a single state. In the both cases, strong- 
monotonicity requires that the expectation value of en- 
tanglement cannot increase. However, it is easy to see 
that the re-parameterization does not preserve strong- 
monotonicity in general with respect to the processes 
where the number of the states varies. However, it is 
clear that the asymptotic weak-monotonicity is preserved 
upon the re-parameterization, since we are considering 
the one-dimensional orderings in this case. 

Proposition 1: The asymptotic weak-monotonicity 
is preserved upon the re-parameterization. Namely, if 
E{p) is an entanglement measure with asymptotic weak- 
monotonicity and E'{p) = m{E{p)) where m is a mono- 
tonic function, then E'{p) is also an entanglement mea- 
sure with asymptotic weak-monotonicity. □ 

Proposition 2: All entanglement measures with 
asymptotic weak-monotonicity gives rise to the same or- 
derings for pure states. 

Proof: Let us assume two entanglement measures Ei 
[i = A, B) with asymptotic weak-monotonicity give rise 
to different orderings for two pure states p and p'. The 
fact that the order is reversed in dependence on entan- 
glement measures obviously means that entanglement- 
degree of p is less than that of p' in one of the two mea- 
sures and vice versa in the other. That is, we have either 

Ea{p) > Ea{p') and Eb{p) < Eb{p'), (1) 



EAip) < Ea{p') and Eb{p) > Eb{p'). (2) 

Due to the asymptotic weak-monotonicity condition (c.3) 
and Eqs. (1) and (2), the state p can neither be asymp- 
totically transformed to the state p' nor p' to p. That 



is, the two states p and p' are (asymptotically) incom- 
parable |20-2|]. However, for the two pure states p and 
p', we can achieve the asymptotic transformation of ei- 
ther p®" ^ (p')®" or p®" ^ [p')®", by entanglement 
concentration and dilution p^ . This is in contradiction 
with the former statement. □ 

The Proposition 1 says that we can generate nu- 
merous entanglement measures with asymptotic weak- 
monotonicity from a single one. On the other hand, 
the unique entanglement measure for pure states is 
also an entanglement measure with asymptotic weak- 
monotonicity for pure states. Here the unique mea- 
sure for a pure state is the foUowings. Ep{\'^){^\) = 
5(Tri3|*)(*|), where S{p) = Tr(-plog2p) and B de- 
notes the latter one of the two parties Alice and Bob 
p^,p|. Thus by the proposition 2 for pure states the 
ordering of the entanglement measures with asymptotic 
weak-monotonicity is the same as that of the unique mea- 
sure of entanglement. Therefore, we can fix the free- 
dom of entanglement measure E with asymptotic weak- 
monotonicity involved with the Proposition 1 by the fol- 
lowing condition. 

Normalization condition: For any pure state p, 
E{p) is the same as the unique entanglement measure 
Ep{p) for pure state (2|J|. 

Although the normalization condition is involved with 
entanglement-degrees only for pure states, it is also fixing 
those for mixed states since entanglement-degrees of pure 
states are continously distributed . We denote the en- 
tanglement measure with asymptotic weak-monotonicity 
satisfying the normalization condition as E. 

Proposition 3: The normalized entanglement mea- 
sure with asymptotic weak-monotonicity E{p) is the 
lower bound for the entanglement of cost Ec{p)- 
Proof: Assume that there exists a state p such that 
Ec{p) < a < E{p). Then we choose a pure state such 



that £;„(!*) (*|) 



This means that we can asymp- 



totically distill ma numbers of the maximally entangled 
states (10^) (0^1)®""' from the m copies of the state 
(Here |</>+) = (l/\/2)(|00) + |11)).) Then some 
of the ma numbers of the maximally entangled states 
can be asymptotically transformed to p®™ [Q, since 
mEc{p) < ma. What we have done is the asymptotic 
transformation ^ p- By the definition 1, we have 

E{\'^){^\) > E{p). (Note that the continuity condition 
is not additionally necessary here while it is in the case 
of Ref. The asymptotic weak-monotonicity is de- 

fined such that the continuity condition is not necessary.) 
By the normalization condition, we have i?(|5')(^'|) = a. 
Thus we have £;(|^')(*|) < Eip), which contradicts 
above obtained inequality. □ 

We can get a proposition for the entanglement of dis- 
tillation Eb){p) in a similar way. 

Proposition 4: The normalized entanglement mea- 
sure with asymptotic weak-monotonicity E(p) is the up- 
per bound for the entanglement of distillation Eb{p)- 
Proof: Assume that there exists a state p such that 
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E{p) < a < E]j(p). However, we can asymptoti- 
cally distill mEjj^p) numbers of the maximally entan- 
gled states from the state p*^™, by definition. Then we 
choose a pure state such that Ep{\'i){^>\) = a. Some 
of the mE]j{p) numbers of the maximally entangled 
states can be asymptotically transformed to (|\E')(^'|)'*'", 
since mEoip) > ma. Thus, we have done asymptotic 
transformation p ^ \'^){'^\. By defintion 1, we have 
E{p) > E{\'^){'i'\). By the normalization condition, we 
have £^(|*)(^'|) = a. Thus we have E{p) < 
which contradicts the above obtained inequality. □ 

The entanglement measures with strong-monotonicity 
satisfying certain additional conditions in Ref. |||,^ are 
bounds for the asymptotic measures, namely the en- 
tanglement of cost Ec and entanglement of distillation 
Ejy. As we have shown, the entanglement measures with 
asymptotic weak-monotonicity satisfying an additional 
normalization condition are also bounds for the asymp- 
totic measures. Due to the existence of the additional 
conditions, the two types of bounds can be different. 

In conclusion, we have proposed entanglement mea- 
sures with asymptotic weak-monotonicity. The order- 
ings of the entanglement measures E{p) with asymp- 
totic weak-monotonicity for the pure states is the same 
as that of the unique measure of entanglement Ep{p) 
for the pure states |24j^. This fact enabled us to re- 
parameterize entanglement measures with asymptotic 
weak-monotonicity E{p) such that the E{p) coincides 
with Ep{p) for all pure states. We have shown that nor- 
malized entanglement measures with asymptotic weak- 
monotonicity E are lower (upper) bound for the entan- 
glement of cost Ec (entanglement of distillation Ed ) . 
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